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Graphene is known to be non-superconducting. However, surprising superconductivity is recently
discovered in a flat-band in a twisted bi-layer graphene. Here we show that superconductivity can be
more easily realized in topological flat-bands induced by strain in graphene through periodic ripples.
Specifically, it is shown that by including correlation effects, the chiral d-wave superconductivity can
be stabilized under strain even for slightly doped graphene. The chiral d-wave superconductivity
generally coexists with charge density waves (CDW) and pair density waves (PDW) of the same
period. Remarkably, a pure PDW state with doubled period that coexists with the CDW state is
found to emerge at a finite temperature region under reasonable strain strength. The emergent PDW
state is shown to be superconducting with non-vanishing superfluid density, and it realizes the long
searched superconducting states with non-vanishing center of mass momentum for Cooper pairs.
I. INTRODUCTION
The issue of what alternative forms of superconduct-
ing states other than the BCS superconducting states can
be realized has been one of the main drives for searching
unconventional superconductivity in condensed matter.
In the high temperature superconductivity discovered
in cuprates, it is now widely accepted that both the
mechanism and the pairing symmetry are different from
those in the conventional superconductivity1. Further-
more, while the Cooper pairs have zero center-of-mass
momentum in the conventional superconductivity and
the charge density waves (CDW) are usually considered
as being incompatible with this property2, it is also real-
ized that both CDW and pair density waves (PDW) that
break translational symmetry are intertwined and can
even coexist with the superconducting order1,3,4. More
recently, it is put forth that while in conventional super-
conductors, the critical temperature is limited by the De-
bye frequency ωD through the relation for critical tem-
perature kBTc = h¯ωDe−1/Ng, in an extreme limit when
the electronic band is dispersion-less and becomes a flat
band, the divergence of the density of states N near the
Fermi energy leads to enhanced critical temperature that
is in proportional to the electron-phonon coupling con-
stant g, i.e., kBTc = g/25. The flat-band superconduc-
tivity is based on naive extrapolation of the BCS theory.
In real materials, however, decreasing electronic band-
width enhances on-site Coulomb interaction and may
induce other instabilities such as CDW, antiferromag-
netic order, ferromagnetism6 and etc. Indeed, as-grown
graphene is known to be non-superconducting. How-
ever, in a recent experiment, superconductivity with
strong correlation effects is discovered in a flat band
arising in a slightly-twisted bilayer graphene7,8. The
discovered flat-band superconductivity indicates that
graphene may host unconventional superconductivity
under appropriate conditions.
In this paper, we explore superconducting phases in
flat bands formed by an alternative way in graphene.
Unlike the flat-band in twisted bilayer graphene that re-
quires fine tuning of the twisted angle, here flat bands
are formed topologically by strain and can be robustly
induced as Landau levels due to the corresponding
pseudo-magnetic field generated by the strain9. Experi-
mentally, flat-bands in strained graphene have been ob-
served with the strain being imposed or engineered by
external stretching or periodic ripples9,10. Here by in-
cluding correlation effects in graphene under periodic
strain, it is shown that unconventional superconducting
states with chiral d-wave symmetry can be stabilized
even in slightly doped graphene. Furthermore, due to
the periodicity introduced by strain, we find that the
chiral d-wave superconductivity generally coexists with
CDW and PDW of the same period. Remarkably, a pure
PDW state with doubled period that coexists with CDW
is found to emerge at a finite temperature region under
reasonable strain strength. The emergent PDW state is
shown to be superconducting with non-vanishing su-
perfluid density and realizes the long searched super-
conducting states with non-vanishing center of mass
momentum for Cooper pairs12.
II. THEORETICAL MODEL AND RESULTS
We start by considering the graphene under periodic
strain. As shown in Fig. 1(b), the strain can be induced
by ripple with fixed period L or by external stretching.
The strain generally induces changes of hopping am-
plitudes t through the change of bond lengths δ1, δ2
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2and δ3 as ti = t exp[−3.37(|~ei|/a − 1)]13(See Fig. 1(a)).
Here t ≈ 2.8 eV is the equilibrium hopping amplitude,
a = 1.42A˚ is the equilibrium bond length, and ~ei are
three deformed nearest-neighbor vectors whose corre-
sponding undeformed vectors are ~e01 =
a
2 (1,
√
3), ~e02 =
a
2 (1,−
√
3), and ~e03 = −a(1, 0). In the simplest realiza-
tion, we shall keep e1 and e2 fixed and deform e3 with
the period L14. The corresponding change in the hop-
ping amplitude along the horizontal bond is given by
ti j = t[1 +α cos(Qxi)], (1)
where x labels the position of the left-hand site (A in
Fig. 1(a)) of the bond AB and the Q = 2pi/L is the
wavevector associated with the strain. For ripples with
the wavelength being in the nano-meter regime, 0 <
α ≤ 0.5 and L = 0.1− 10nm9.
The tight-binging Hamiltonian under strain is given
by
H0 = − ∑
i, j=1,2,σ
tc†i,σ ci+~e j ,σ −∑
i,σ
t(xi)c
†
i,σ ci+~e3 ,σ + h.c.,
(2)
where i labels sub-lattice A, t(xi) = ti,i+~e3 , and ci,σ an-
nihilates an electron with spin σ on site i. The typi-
cal effect of strain on the energy spectrum of electrons
is shown in Fig. 1(c). It is seen that energy bands get
flatten. In large period limit, these flat bands near the
Dirac point coincide with the Landau levels due to the
strain induced pseudo-magnetic fields15. For general
periodic perturbation of hopping amplitudes given by
Eq.(1), the vector potential associated with the pseudo-
magnetic field is given by Ax =
√
3(ti1 − ti2)/2vF, Ay =
(ti1 + ti2 − 2ti3)/2vF16, where tin (n = 1, 2, 3) are hopp-
ping amplitudes along~en at site i (see Fig. 1a).
Hence for the deformed hopping amplitude of Eq.(1),
we have Ax = 0 and Ay = −tα cos(Qx)/vF. The lin-
earize Hamiltonian near K point can be written as
Hq = h¯vF
(
0 −i ddx + i(qy − Ay)
−i ddx − i(qy − Ay) 0
)
,
(3)
where qy is the deviation of the wave-vector k from K.
Clearly, for large L (small Q), Hq supports zero energy
solutions near qy − Ay(x) = 0 with the eigenstate ψ0
being given by
ψ0 = N
(
exp−
∫ x
x0
[qy−Ay(x)]dx
0
)
, for
d
dx
[qy − Ay(x)] > 0
(4)
or
ψ0 = N
(
0
exp−
∫ x
x0
[qy−Ay(x)]dx
)
, for
d
dx
[qy − Ay(x)] < 0,
(5)
where N is a normalization constant and x0 is a root to
qy − Ay(x) = 0. It is clear from the above solution that
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FIG. 1. Topological flat bands in strained graphene (a) Strain
induced change of hopping amplitude. Here ti j(x) = t[1 +
α cos(Qxi)] with i denoting site A and j denoting site B.
∆i represent three superconducting pairing amplitudes. (b)
Schematic plot of the ripple with period L (c) Plot of energy
bands for α = 0.8 and L = 24 in the Brillouin zone of un-
strained graphene. (d) Extension of zero energy flat -band
(along M-K direction) in strained graphene with α = 0.8 and
L = 24
only when |qy| ≤ tα/vF is satisfied, x0 exists so that
zero-energy solutions exist17. This results a flat region
along qy direction (M-K) as illustrated in Fig 2(d).
To include correlation effects in flat bands, we con-
sider graphene near half-filling with the averaged elec-
tron density being less than 1. The appropriate model
is to include the Hubbard interaction between electrons,
HU = H0 +U ∑i,σ nˆi↑nˆi↓. In the strong interacting limit
when U is large, the Hilbert space of the ground state is
energetically confined to the singly occupied space de-
3scribed by an effective t-J model given by18
H = PG
H0 +∑
〈i j〉
Ji j(~Si · ~S j − 14nin j)
 PG . (6)
Here PG = Πi(1 − ni↑ni↓) is the Gutzwiller projection
operator that projects out states with doubly-occupied
sites. ~S and n are spin and number operators for elec-
trons respectively. The antiferromagnetic (AF) coupling,
given by Ji j = 4t2i j/U, now acquires spatial dependence
through the deformed hopping amplitude ti j(xi).
To investigate possible phases that arise with the
given Hamiltonian H, we resort to the slave-boson
method, in which the no-double-occupancy constraint
is implemented by expressing the electron operator as
ciσ = b
†
i fiσ with bi being the holon carrying the charge
and fiσ being the spinon carrying the spin19,20. The
no-double-occupancy constraint is satisfied by requir-
ing ∑σ f
†
iσ fiσ + b
†
i bi = 1. Following Ref.19, in the mean-
field approximation, bi is replaced by 〈bi〉 =
√
δi with
δi = 1 − ni being the hole density at i site. The AF
interaction is further decoupled as: ~Si · ~S j − 14 nˆinˆ j →
− 38
(
χˆ
†
i jχˆi j + ∆ˆ
†
i j∆ˆi j
)
, where χˆ†i j = f
†
i↑ f j↑ + f
†
i↓ f j↓ and
∆ˆ
†
i j = f
†
i↑ f
†
j↓ − f †i↓ f †j↑. Taking the mean-field approxi-
mation of the decoupled AF interaction, the mean-field
Hamiltonian is given by
HMF =
 ∑
〈i j〉,σ
−t˜i j f †iσ f jσ +∑
〈i j〉
∆˜0i j( f
†
i↑ f
†
j↓ − f †i↓ f †j↑)
+ h.c.
−∑
〈i j〉
J˜i j(|χi j|2 + |∆0i j|2). (7)
Here χi j = 〈χˆi j〉, ∆0i j = 〈∆ˆi j〉, t˜i j =
√
δiδ jti j − J˜i jχi j is
the effective hopping strength, ∆˜0i j = J˜i j∆
0
i j, and J˜i j =
−3Ji j/8. χi j and ∆i j are solved self-consistently through
the equations χi j = 〈χˆi j〉 and ∆0i j = 〈∆ˆi j〉 with 〈χˆi j〉 and
〈∆ˆ0i j〉 being numerically computed by using the mean-
field Hamiltonian HMF. Note that ∆0i j (and thus ∆˜
0
i j ) is
the average of spinon pairing operator, ∆ˆi j, and hence
it is not the superconducting amplitude. The supercon-
ducting pairing amplitude is the pairing amplitude of
of electrons and is given by ∆i j =
√
δiδ j∆
0
i j ≈ δ∆0i j with
∆˜i j = J˜i j∆i j. The superconducting transition tempera-
tures is thus obtained by rescaling the transition tem-
perature for the spinon gap by the average doping δ.
Finally, we note that HMF is essentially the same as the
renormalized mean-field Hamiltonian21 obtained by us-
ing the Gutzwiller approximation22 except that the hop-
ping amplitude ti j and the AF coupling Ji j are replaced
by gtti j and gs Ji j with gt = 2
√
δiδ j and gs = 4. Hence
both the slave-boson method and the mean-field theory
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FIG. 2. Numerical solutions that illustrate the pair density
wave with an anomalous period. Here pairing amplitudes ∆i
are defined in Fig. 1, α = 0.025, and δ = 0.122 (a) ∆3 of the
ground state exhibits a uniform order plus a component that
oscillates with the same period L of the strain (or period of
L/n with n being positive integer). (b) ∆3 of the metastable
state in close to the ground state exhibits anomalous period of
2L. Here by assuming translational invariance in y direction,
mean fields χi j and ∆i j on each bond in real space are solved
self-consistently in a 32× 32 lattice with J/t = 1.
based on the Gutzwiller approximation yields similar
results.
To analyze superconducting states in the strain, we
define pairing orders on nearest neighboring bonds to
any lattice point as shown in Fig. 1(a) (the same def-
inition applies to χi j as well). Note that ∆2 = ∆∗1 is
satisfied due to the C3 rotational symmetry. There are
three pairing symmetries in compatible with the sym-
metry of graphene23: extended s-wave, dx2−y2 + idxy,
and dx2−y2 − idxy. They can be expressed in terms
of pairing amplitudes along three bonds as ∆s(x) =
1√
3
(∆1(x) +∆2(x) +∆3(x)), ∆dx2−y2 (x) =
1√
6
(2∆3(x)−
∆1(x) − ∆2(x)), and ∆dxy(x) = 1√2 Im(∆1(x) − ∆2(x)).
In the absence of strain, the uniform chiral d-wave
state, dx2−y2 ± idxy, is found to be the superconducting
ground state for J ≥ 123. In the presence of strain, we
solve mean-fields χi j and ∆i j on each bond in real space
self-consistently. Fig. 2 (a) and (b) show typical conver-
gent values for ∆3(x). Due to the imposed periodicity
by the strain, one expects that in addition to the uni-
form χi j = χ and ∆i j = ∆, χi j and ∆i j of period L/n
with n = 1, 2, 3, ... (wavevector = nQ) are also present
and coexist with the uniform orders. This is clearly seen
in Fig. 2(a), in which ∆3 exhibits period of L. However,
as indicated in Fig. 2(b), in addition to period L, mean-
field orders with anomalous period of 2L emerge in cer-
tain regime of the strain amplitudeα.
To further explore the density waves with anomalous
period of 2L, we solve superconducting phases of the
graphene in zero temperature by classifying phases with
or without the period of 2L (wavevector Q/2) as:
phase I: ∆s, ∆dx2−y2±idxy (uniform orders), ∆s(nQ),
∆d±id(nQ), χ(nQ) and ρ(nQ),
phase II: ∆dxy , ∆dxy(nQ), χ(nQ), ρ(nQ), ∆s(Q/2),
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FIG. 3. Superconducting phases of strained graphene at zero
temperature with L = 16 and J/t = 1 (a) Phase diagram in the
parameter space of doping δ and strainα. Here in phase I, only
orders of integer multiple of wavevector Q = 2pi/L, i.e. nQ,
appear. In phase II, orders with wavevector Q/2 coexist with
orders with wavevector nQ. (b) Quantum phase transitions of
mean-field orders for δ = 0.15. It is seen that superconducting
orders change discontinuously across phase boundaries.
∆dx2−y2 (Q/2), and χ1(Q/2).
Here ρ(nQ) represents the on-site charge density wave
∑i nieinQxi and χ(Q/2) represents the bond charge den-
sity wave ∑i χi jeiQxi/2. The phase diagram is shown
in Fig. 3(a). It is seen that there is a large region
with moderate strain for α ≈ 0.1 − 0.3 in which den-
sity waves with period of 2L (phase II) can be stabi-
lized. For a given doping δ, Fig. 3(b) shows that as the
strain increases, quantum phase transitions occurs with
the change of superconducting orders being discontinu-
ously across phase boundaries.
To understand the emergence of orders with wavevec-
tor Q/2 (period = 2L), we consider possible couplings
between the charge density wave, the pair density wave
and the uniform superconducting order ∆. The energy
terms in the free energy must conserve the momentum,
i.e., the total momentum must vanish. In addition, the
U(1) symmetry should be respected. As a result, we find
that the lowest order couplings in the free energy are
of the form24: ρ(Q)∆∗(Q/2)∆(−Q/2), ρ(Q)∆∗∆(−Q),
|χ(Q/2)|2|∆(Q)|2, and |χ(Q)|2|∆(Q)|2. In these low-
est coupling terms, the mechanism for the emergency
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FIG. 4. Superconducting phases of strained graphene at finite
temperatures with L = 16, J/t = 1 and δ = 0.15 (a) Dis-
tinct phases with different superconducting orders (see text
for more details) at finite temperatures. Here phase II.b is
a pure superconducting PDW state with non-zero center-of-
mass momentum for Cooper pairs and coexists with the CDW
order. (b) Superfluidity weight along a cut from phase II.a to
the CDW phase with α = 0.14. The non-vanishing Dy im-
plies that the pure PDW state in phase II.b is superconduct-
ing.(c) Nodal rings (indicated by red color) of quasi-particles
in phase II.b. In addition to nodal rings, flat-bands marked by
black solid lines are also on the Fermi surface in the normal
states without pairing density waves.
of finite Cooper pair momentum is due to the momen-
tum conservation. For instance, in the lowest order
of the coupling term, ρ(Q)∆∗(Q/2)∆(−Q/2), the mo-
mentum Q carried by CDW is conserved by creating
two Cooper pairs with momentum −Q/2. The emer-
gent Cooper pair order with momentum Q/2 is gen-
erally not stable and has to be stabilized as the mini-
mum of the free energy. For graphene under the strain
given by Eq.(1), the induced charge density wave ρ(Q)
is proportional to the deformation of hopping ampli-
tude δt ≡ tα. Hence the minimum of the free energy is
driven by the couplings a(Q)δt(Q)∆∗(Q/2)∆(−Q/2) +
b(Q)|δt(Q)|2|∆(Q)|2. Here the coefficients a(Q) and
b(Q) are negative25 so that both ∆(Q/2) and ∆(Q) can
be stabilized for sufficiently large α. However, due to
different dependence on α, ∆(Q/2) and ∆(Q) compete
with each other and eventually ∆(Q/2) wins, resulting
in the emergence of phase II as an intermediate phase.
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FIG. 5. (a) Quasi-particle excitations in phase II.b. (b) Blown-
up of the energy spectrum near Ek ∼ 0 shown in (a). Here
M¯ and X¯ are points at the boundary of reduced Brillouin zone
shown in Fig.4(c) in the text. It is seen that Ek only vanishes at
nodal points (from the nodal rings) in going from M¯ to X¯.
At finite temperatures, the competition of different su-
perconducting orders lead to more complicated phase
diagram as shown in Fig. 4(a). Here orders emerging in
different phases are:
phase I.a: ∆s, ∆d±id, ∆s(nQ), ∆d±id(nQ), χ(nQ), and
ρ(nQ),
phase I.b: ∆dxy , ∆dxy(nQ), χ(nQ), and ρ(nQ),
phase II.a: ∆dxy , ∆dxy(nQ), χ(nQ), ρ(nQ), ∆s(Q/2),
∆dx2−y2 (Q/2), and χ1(Q/2),
phase II.b: ρ(nQ), χ(nQ), ∆s(Q/2), and ∆dx2−y2 (Q/2).
Here for smallα, when going from phase I.a to phase I.b,
superconducting order ∆i become pure imaginary and
only ∆1 and ∆2 survive, while for large α, going from
phase II.a to phase II.b, ∆dxy(Q) and χ1(Q/2) disappear.
The driving coupling for disappearance of ∆dxy(Q) and
χ1(Q/2) is the coupling |χ(Q/2)|2|∆(Q)|2. Remark-
ably, due to this coupling, we see that a pure PDW state
that coexists with the CDW order emerges at some fi-
nite temperature with moderate strainα & 0.125 (phase
II.b). Furthermore, as shown in Fig. 4(b), by computing
the superfluid weight26, we find that phase II.b is su-
perconducting, in contrast to the CDW state with van-
ishing superfluid weight. Similar to the PDW state ob-
served in high Tc cuprates in which the quasi-particle
excitations are gapless with Fermi arcs displayed at fi-
nite temperatures4, here the phase II.b is also gapless
with nodal rings (red curves) as shown in Fig. 4(c).
The exact location of the nodal ring can be exhibited in
the corresponding energy spectrum, which is plotted in
Figs. 5(a) and (b), showing the energy spectrum of the
quasi-particle excitation along the path Γ -M¯-X¯-Γ . Here
the blown-up of Fig. 5(a) for Ek ∼ 0 is shown in Fig. 5(b),
indicating the location of the nodal ring in going from M¯
to X¯.
Note that without flat-bands, it is generally more dif-
ficult to have pair of states near the Fermi surface to sat-
isfy the condition: total momentum is Q/2. Hence den-
sity for pair of states near the Fermi surface with total
momentum Q/2 is low. In the presence of flat bands, it
is much easier to satisfy the condition with the total mo-
mentum being Q/2 as the energy does not depend on
the momentum. Therefore, flat-bands help in stabilizing
the Cooper pair with momentum Q/2. This is illustrated
in Fig. 4(c), which shows flat-bands (black solid lines)
on the Fermi surface in the normal state are gapped out
due to pairing of electrons with center of mass momen-
tum being Q/2, while the same pairing is not possi-
ble for ring-shape Fermi surfaces, leaving nodal rings
as gapless excitations in phase II.b. Phase II.b is thus a
unique realization of the long searched superconducting
state with non-vanishing center of mass momentum for
Cooper pairs.
III. DISCUSSION AND SUMMARY
In summary, while superconductivity is discovered to
be realized in a flat-band in a twisted bi-layer graphene,
we find that the same chiral d-wave superconductiv-
ity can be also realized in topological flat-bands in-
duced by strain in graphene through periodic ripples.
The stabilization of chiral d-wave superconductivity is
through the enhancement of the correlation effect in flat
bands. As a result, even for slightly doped graphene, the
graphene can be turned into a chiral d-wave supercon-
ductor by applying strain. The uniform chiral d-wave
superconductivity generally coexists with the CDW or-
der and chiral PDW order. At finite temperatures, it is
further found that a pure superconducting PDW state
with coexisting CDW emerges in graphene under mod-
erate strain strength. The emergent pure superconduct-
ing PDW state is the realization of the long searched su-
perconducting state with non-vanishing center of mass
momentum for Cooper pairs.
Finally, we discuss feasibility of realizing the super-
conducting PDW state and the experimental features
that can be observed. First, distinguishing the super-
conducting PDW state from other superconducting state
can be generally detected by using the scanning tunnel-
6ing microscope. One expects that the energy gap ob-
served in the differential conductance measurement de-
pends on the position and exhibits oscillatory behav-
ior. For the feasibility of realizing the superconducting
PDW state, so far our analysis has focused on nanoscale
ripples (wavelength from 0.1 nm to 10nm), which have
been observed experimentally9,10. It is known that the
generation of flat-bands by ripple depends on the ra-
tio of the height h to the period L. When the condition
h2/La ≥ 1 is met, flat-bands arise10. Sinceα that charac-
terizes the deformation of hopping amplitude depends
only on h/L, for a given α, increasing height of the rip-
ple would generate flat-bands for micron-size ripples.
Hence our results are also applicable to micron-size rip-
ples. For ripples of micron-size, the Cooper pair mo-
mentum Q/2 is smaller. Furthermore, since the energy
barrier for realizing the superconducting PDW state is
essentially the kinetic energy of the Cooper pair with
momentum being Q/2, we expect that the energy bar-
rier for realizing the PDW state is lower for ripples of
micron-size. It is therefore easier to realize the super-
conducting PDW state in micron-size ripples.
The optimal strain needed to realize the PDW state
can be read off from Fig. 4(a) with α ∼ 0.14, with the
corresponding aspect ratio of the ripple being L/h ≈ 20.
The minimum height h thus needs to satisfy h/L ≥ 0.05.
Together with the requirement h2/La ≥ 1, the height re-
quires to realize the PDW state is h ≥ 4a for L = 16a,
which can be engineered by appropriate choosing mis-
fit of the thermal expansion between graphene and the
substrate9. On the other hand, the critical temperature
for accessing the PDW state is around 1 meV (a few K)
for J/t = 1 and is expected to be further reduced for
micron-size ripples. Our analyses thus indicate that it is
feasible experimentally to realize the long searched su-
perconducting state with non-vanishing center of mass
momentum for Cooper pairs. Therefore, results of this
work illustrate the feasibility for graphene under strain
to be a tunable platform for realizing both novel super-
conducting orders and charge density wave orders.
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